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It is well known (cf. [l]), that to any flat tz-dimensional manifold Mn 
there is associated a finite group F and an integral linear representation 
T: F + GL(n, Z). In his recent paper [2] Hugh L. Porteous derives the 
surprising result, that M supports an Anosov diffeomorphism (i.e., a dif- 
feomorphism f: M --+ M, such that at any point m of M the tangent space 
TMm decomposes as the direct sum of a contracting part and an expanding 
part; for a precise definition, see [2]), f i and only if any irreducible QF- 
module V, which appears in T, considered as a rational representation, 
with multiplicity precisely 1, gets reducible when tensored with R. In detail 
he shows, that the following statements are equivalent (Theorem 6.1): 
(i) M supports an Anosov diffeomorphism. 
(ii) There exists an ergodic element SE GL(n, Z) (i.e., an element, 
such that none of its eigenvalues are roots of unity), which commutes with 
any element in im T. 
(iii) Each X-irreducible component of T, which occurs in T with 
multiplicity one, is reducible over R. 
(iv) There exists an Anosov element S E GL(pz, Z) (i.e., an element, 
such that all of its eigenvalues have absolute value different from one), 
which commutes with any element in im T. 
This note is to show, that the algebraic part of this theorem, i.e., the 
equivalence of (ii), (iii), and (iv) can be understood rather naturally by 
considering the Z-order of elements in the matrix ring M,,(Z), which commute 
with im T. The result then turns out to be a special case of a considerably 
more general statement on units in orders in semisimple algebras over 
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global fields, which itself is a simple consequence of Dirichlet’s unit theorem 
(already used in several special cases by Porteous) and some facts about 
local completion of simple algebras. 
So at first let R be a commutative ring with 1 E R and A an arbitrary 
R-algebra. To simplify notation we assume R _C A. An A-unit a E A* 
obviously is integral over R if and only if a E R[&](a” + r,a+l + ... + Y, = 
0-a = -yl-y+-l- ... - P,(u+)+-~!), thus we have the following. 
LEMMA 1 (cf. [3, Lemma 3.41). Let A be an R-algebra us above and 
a E A* a unit in A. Then the following statements are equivalent: 
(i) a and its inverse a-l are integral over R. 
(ii) There exists an R-subalgebra B C A, which is finite over R and 
contains both, a and u-l. 
(iii) For every R-subalgebra B C A we have a E B e u-1 E B. 
We call such a unit a E A* an R-unit in A. If R is a Dedekindring with 
quotientfield K and A a finite dimensional K-algebra, then a E A* is an 
R-unit if and only if all eigenvalues of a (more precisely the eigenvalues 
of the K-endomorphism h, of A given by left multiplication with (a) taken 
in some algebraic closure a of K) have value 1 with respect to any extension 
to R of any valuation of K associated with R. 
LEMMA 2 (cf. [2, Section 11). Let R be a Dedekifzdring with quotientjield K, 
A a$nite dimensional K-algebra and 0 C A an R-order (i.e., a jnite R-algebra 
with K. o = A). Assume R/m to be $nite for uny maximal ideal m CR. 
Then CJ contains a certain paver uB of any R-unit a in A. 
Proof. Let a E A* be an R-unit. Then a is a unit in R[u] and R[u] is 
finite over R, thus r . R[a] 2 CF for some Y E R, r # 0. But R[u]/r * R[u] 
is finite, thus uL = 1 mod r * R[u] for some k EN and thus 
aB E 1 + rR[a] _C 1 + (T = cr. 
PROPOSITION 1. Let K be a global Jield, A a simple, jinite dimensional 
K-algebra, S u$nite set of places of K, which contuins all infinite ones, R, the 
associated Dedekindring in K, consisting of all elements in K, which aye integral 
at all places of K outside S, und o an R,-order in A. 
Let NA+ A -+ K be the regular norm from A to K (i.e., N,,,(u) is the 
determinant of X,). Then the following statements are equivulent: 
(i) {a E u* 1 NqEl((a) = 1) is jinite. 
(ii) The quotie&group a*/R,* is jinite. 
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(iii) Some power ak of any unit a E o* is contained in R, , i.e., 0*/R,* 
is a (possibly non-abelian) periodic group. 
(iv) Some pozoer a” of any Rs-unit a E A* is contained in R, . 
(v) Any place v E S is indecomposed in any subfield L c A, i.e., 
L OK K, is a $eld for any such L and K,,, the completion of K at v. 
(vi) Any place v E S has a unique extension to a “valuation” of d 
(an the sense of [4, Chapter XII, Section 23. 
(vii) B OK K, is a skewfield for any v E S. 
(viii) Any Rs-unit a E A* with N&a) = 1 is a “root of unity,” i.e., 
ap = 1 fey some k E N. 
(ix) (a E u* / N,:,(a) = 1) is a periodic group. 
Proof. (i) + (ii) follows from N&cr*) C Rs*, N&a) = a(A:K) for 
aERS* and the fact, that R,* is finitely generated abelian (Dirichlet’s 
unit theorem). 
(ii) 3 (iii) is trivial, (iii) + (iv) follows from Lemma 2 and (iv) + (v) 
(or rather --,(v) 3 --,(iv)) again from Dirichlet’s unit theorem. 
(v) * (vi): (v) implies at first, that A is a skewfield (otherwise B = 
(& 1(1& for some 1~. > 1 and we could embed any field K with (L: K) = n 
into (K)n C a), thus K(a) = L is one of the subfields considered in (v) 
for any a E A, so (v) extends uniquely to L and a EL by (v). 
(vi) + (vii): is obvious, since there exist always several possible extensions. 
of a valuation to a proper matrixring. 
(vii) 3 (v) is obvious. 
(v) a (viii): Let a E A* be an R,-unit with N,,,(a) = 1 and L = K(a), 
then w(a) = 1 for any place zu of L-and thus as = 1 for some k EN by 
Dirichlet-since w(a) = 1 for any R,-unit a EL and any w with w lK $ S, 
whereas w(a)tAZK) = v(N,&a)) = 1, i.e., w(a) = 1, if w is the (unique) 
extension of some*v E E. 
(viii) 3 (ix) is obvious and (ix) * (iii) follows as (i) 3 (ii). 
Thus we have proved already the equivalence of (iii), (iv),... up to (ix)> 
which is surely enough for the applications concerning Anosov ditfeo- 
morphisms. It remains to show {(iii),,.., (ix)] * (i), which follows from the 
next lemma. 
LEMMA 3. Let A be a skewfield, which is finite dimensional over a global 
field K, and G .< A* a periodic subgroup of the multiplicative group of A. 
Then G is Jinite. 
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Proof. This should be well known. Since I do not know a reference, 
I indicate a proof: w.1.o.g. we may assume K to be the center of ,9 and 
A = K[g [ g E G]. Then A considered as a KG-module has its opposite 
A”pn as endomorphism ring and thus is (even absolutely) completely 
reducible. Moreover there exists e E N with ge = 1 for all g E G, since 
any g E G generates a commutative subfield K[g] of A and g is a root of 
unity in K[g], thus of bounded order, since (K[g]: K) < (A: K) and-K 
being global-there exists an n E N with (K(t): K) > (A: K) for any 
primitive lnth root of unity 5 with m > 1~. Thus by a theorem of Burnside 
(cf. [5, p. 25, Corollary 1.231) G must be finite. 
Let us just remark, that for char K = 0 statement (vii) in Proposition 1 
implies (A: K) < 4 and even A = K, if K is not totally real. 
Let us now assume S to contain precisely one place v, i.e., R,* to be 
finite, thus K = Q or Q[(-n)l/“], n E N and v the infinite place or char K # 0. 
An R,-unit a in a semisimple, finite dimensional K-algebra -4 is called 
ergodic, if none of the eigenvalues of h, is a root of unity, and an Anosov- 
element with respect to v, if all of the eigenvalues of h, , taken in some 
algebraic closure K of K, have value +l with respect to one-and thus 
to all-extensions of v to K. 
Then we have the following proposition. 
PROPOSITION 2. Let K be eithm Q, Q[(-n)lp] (n EN) or a global jieield 
with char K = p # 0 and S = {v} with v the injkiteplace in case char K = 0. 
Let A be a semisimple jinite dimensional K-algebra and c an R,-order. Then 
the following statements are equivalent: 
(i) Thue exists an Rs-unit a E A*, which is an Anosov-element with 
respect to v. 
(ii) There exists an Anosov-element with respect to v in ~3. 
(iii) There exists an eFgodic R,-unit a E A”. 
(iv) There exists an ergodic element a E o*. 
(v) FOT any simple component B of A the nine equivalent statements 
in Proposition 1 are false. 
Proof. 
(iv> 
(ii) f a (iii) 
a Y 
(9 
is obvious and (i) * (ii), (iii) * (iv) follows from Lemma 2. It remains 
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to show (iii) 3 (v) * (i). But---R, * being finite-(iii) contradicts the third 
statement in Proposition 1 for any simple component B of A, whereas the 
negative of the fifth statement for any such B together with Dirichlet’s 
unit theorem easily implies (i). Especially if K, A, S and o is as in Proposi- 
tion 2, J’ a finitely generated A-module and MC Y a finitely generated 
o-submodule with K . M = V, A’ = End,(V) and o’ = End,(M), then 
the statement (vii)-and thus also all the remaining eight-of Proposition 1 
are false for any simple component B’ of A’ if and only if any irreducible 
A-submodule W of V, which appears in T/ with multiplicity 1, splits over 
AC&K,, which easily implies the algebraic parts of Porteous’ paper. 
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